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Dissipative properties and scaling law for a layer of granular material on a vibrating plate
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The dissipative properties and scaling law for a layer of vertically vibrated granular materials were inves-
tigated by means of a dynamical model of a single sphere colliding completely inelastically with a massive,
oscillating plate. A relationship is presented of how the temperature of the layer scales with the acceleration of
the plate and the restitution coefficient of the grains. The numerical calculation shows the existence of an
“energy well” and a “temperature well,” which could be used to explain the existence fé2 dlat (wheref
is the external driving frequengytate in an experiment on vibrated granular material.
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Experiments have shown that the motion of a granular Case | 1<I'<I';. The trajectories of the sphere and the
system consisting of a large number of gains decays rapidlplate are shown in Fig.(8). The period of motion of the
once the energy supply is stoppd, i.e., the granular sys- sphere,T,, is the same as that of the plafg,=1/f). The
tem is strongly dissipative, although the grains in the systensphere leaves the plate with a ballistic motion for part of
are only weakly dissipative. Recent research illustrated thagach cycle. In the laboratory reference frame, we denote the
the dissipative nature of granular material can result in grecollisional velocity of the sphere by, , and the plate
variety of different collective phenomena, including heapvelocity by u.. The moment at which the sphere leaves
formation, size segregation, and surface wd2gswhich are  the plate is determined by
related to the correlation induced by multiple collisions be-
tween the grains and by the relative motion of the granular ' sin27fts=1. 1)
layer and the containg3]. The dissipation and the scaling ) _ )
law of one- or two-dimensional vibrated granular systemg®t this moment the velocity of the spheré,, is
were investigated in experimenfg], as well as kinetic
theory[5,6], molecular dynamics simulatiorfg], a single- Vs=2mfAcos 2rfts. @
par_tlgle stansucgl modéfg], etc. Al_so mentioned when d?' In each cycle, the momeig; at which the collision occur is
scribing the motion of a layer of vibrated granular materlalsd :

) g ; etermined by
was a model of a single sphere colliding completely inelas-
tically with a m_assive, sinus_oidally oscillating_plaj@ﬂas].  Asin2mftet Vi(tg —t) — 2g(te — to)2=Asin 2mft,; .
Here we use this model to discuss the energy input, the dis- 3
sipation, and the scaling law for vertically vibrated granular
materials. When a granular layer collides with a plate theThen the precollisional velocity of the sphere is
momentum, as a whole, is conserved, but the kinetic energy
of the granular layer is dissipated and transferred into “in- Vo =Vs—0(te1—ts), (4)
ternal energy” of the layer, including the kinetic energy of
the grains and the real internal energy due to inelastic colliand at this moment the velocity of the plate is
sion between grains. In the stationary state the energy input
from external excitation is balanced by the dissipation led by Uey=2mfACOS 2mftey . ®)
the inelastic collisions between grains. The inelastic collisio
between grains leads to a rapid “cooling” and “clumping”
of the grains with the initial velocities. The energy trans-
ferred during the collision is dependent upon the acceleration Nm
of the plate. _ . . AE1:7(3U§1—4Uc1V§1+Vc_12), (6)

Suppose that the plate vibrated vertically in the form
A sin 27ft (whereA is the driving amplitude anfithe driving
frequency. We use dimensionless acceleration amplitlide
=47%f2Alg (Whereg is the gravitational acceleratipand a
driving frequencyf as control parameters. Whdh<1 the
sphere vibrates together with the plate. IAsncreased from

1, the first, second, third..nth.. .critical acceleration ” :
' ; ’ . '’ down.” We suppose that the sphere warms up uniformly,
_ 2 1/2 _ o
Pen=[(nm)"+1]7" (wheren=1.2, ...), arereached in se- and then cools down in the forf®]

guence, at which point the collision becomes instantaneous,
and period doubling occurs for the motion of the sphere.

Figure 1 shows the rebound velocity of the sphere as a func- ()= ————————,
tion of the acceleration of the platE, (1—82)'yv0t+)\

rhus the kinetic energy loss of the sphere due to the com-
plete inelastic collision is

whereN is the total number of the grains in the sphere, and
m s the mass of each grain. This energy is transferred to the
sphere as its “internal energy.” Once the sphere receives
this energy, it “warms up” first, i.e., the averaged velocity
of the grains raises to a certain valug, and then *“cools

U())\

)
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FIG. 1. The rebouncing velocity of a completely inelastic sphere 2r 7 ST T~
as a function of the acceleration of the vibrating surface. 0 | N
. _ - L -2 : — :
where e is the restitution coefficient of the grain in the o 1 2 b 3 tog
sphere, and the mean grain separation in the sphere. Then vT

we must have ) ] )
FIG. 2. The trajectories of the spheidashed lingand the plate

Nm (solid line).
— [v§—vA(M)]=AE,. t)
Therefore, in one cycle, the total energy transferred ks

From this equation we can obtain the solutionutg By +AE,. Similar to casd, the averaged temperature of the

averagingy(t) in one periodT, we can obtain the averaged SPhere is
temperature of the sphere:
m Ug)\tczl + US)\(ZT_tCZI)

Eo=—— .
£y m__ v ©  ATLa-eDvtarth  vo(1-e)(2T -t +A
2 (1-e®)voT+A (14

Case It I';;<I'<4.6. The trajectories of the sphere and AsT is increased front'.;, the interval between first and
the plate are shown in Fig(l®. HereT,=2T. In each cycle second collisionst.,;, becomes smaller and smaller, and at
there are two collisions between the sphere and the plate; orie=4.6, t.,,=0, i.e., the second collision disappears. There-
is instantaneou@ve denote this as the first collisipriFor the  fore we have the following
first collision, the motion of the sphere and the plate are still Case IIL 4.6<I'<I'.,. The trajectories of the sphere and
described by Eqgs(1)—(6). Once the collision occurs the the plate are shown in Fig(®. HereT,=2T. In each cycle,
sphere leaves the plate immediately, and performs a ballistithere is only one collision between the sphere and the plate.
motion. The moment,, at which the second collision occurs During the collision the kinetic energy loss of the sphere is

is determined by expressed bYAE;. Meanwhile the averaged temperature is
Asin 2zt + Vit — 2gti,=Asin 27ftg,, (10 2
m Uo)\
. _ _ Eo=g - ———- (15)
where te;=to,—te;, and V=u. is the first post- 2 2(1—e®)voT+A\
collisional velocity of the sphere. Then the second precolli-
sion velocity of the sphere is WhenI'>T,, the case becomes more complicated than
B N above. Here we consider only the following
Ve2=Ve1—9lear. 11 Case IV TI'(,<I'<T' e (Where I'(p<Tcen<I'gs), in
] . ) which T,=4T. The trajectories of the sphere and the plate
At this moment, the velocity of the plate is are shown in Fig. @). In each cycle there are two collisions
between the sphere and the plate, with one being instanta-
Ucp=2mfA cos 2mftc,. (120 nheous. Similar to case II, the averaged temperature of the
L sphere is
Thus the kinetic energy loss of the sphere due to the com-
plete inelastical collision between the sphere and the plate is ) 5
m vohtcor UO)\(4T_tc21)
Nm > - g2 0T8T (1—e?)vt +7\+v (1-e?)(4T—te) + |
AE;=—(3ug—4UcaVeo + V). (13 0tc12 0 c2 16
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10 - ergy well can be explained as follows: BEsreaches 4.6, the
2 relative velocities of the sphere and the plate become smaller
. 8r ] and smaller. Whei" = 4.6, velocities of both the sphere and
L 6h ] the plate are-35.035 cm/s, and the relative velocity is zero.
'TO Therefore, both the energy input and the temperature of the
T 4} ; sphere are zero. The existence of the energy well can be used
o to explain the existence of thé2 flat state whed' is in the
2 T range of 4.5-5.5 in the experiment, and the numerical simu-
0 lation on a vertically oscillated grain lay¢t0]: as the en-
1 2 3 4 5 6 7 8 ergy input decreases to zero, the amplitude of the pattern
r decreases to zero, and shows a flat state. In both experiments
3 " " " " " i and the molecular dynamics simulation the central accelera-
tion of the plate for &/2 flat state is little more than 4.6 of
- our model. We consider this because the granular layer is not
s 2f a real single complete inelastic sphere, and not all grains
o collide with and separate from the plate simultaneously; the
r; collision time of the granular layer is larger than that of the
w} single sphere. The center of mass of the granular layer needs
to be raised more highly than that of the single sphere in
order that all grains can leave the plate for free flight. Thus
01 5 3 4 5 6 2 P all characterized accelerations for granular layer have to be

r higher than all corresponding characterized accelerations for
. . a single sphere. Also, we note that in Figa3the second
FIG. 3. (@) The mean power inpu® for each grain, andb) the  peak ofP is higher than the first one d3 rises but in Fig.
temperature of the sphergy, as functions of dimensionless accel- 3(p) the heights of both peaks are almost the same. This
eration of the plate. result can be explained by the fact that the sphere cools in the
i . form of Eq. (7), the largerv is, the larger the rate of the
Equations(9), (14), (15), and(16) show explicitly howEq,  ¢oling: also, the longer the time of cooling, the lower the
scales with\n ande. It is found that the larger the restitution averaged temperature of the sphere. Figut® 8hows how
coefficiente and/or the mean grain separatibnthe higher £ scales with”, which is different from the results obtained
fche t_emperature of the sphere. These equations also |mpllg)-y Warr et al. [4] and Ludinget al. [7]. Although the as-
itly give the d.ependence of the temperatgre of the sphere O%umptions of uniform warming and the form of the cooling
the ac_celeratlon of the plat&,. To see this We'have made [Eq. (7)] are approximate, this assumption does not essen-
numerical calculations for all the above equations. We takqia"y affect the shape of the curves in Fig. 3. Experiments

— — — — —5
e=0.95, A=0.001 mm, f=20 Hz, andm=9X10"" g.  4re currently in progress to examine the scaling law pre-
The mean power inpU® (the ratio of the total energy input gented in this paper.

and the period in each cycle for each gyaand the tempera-

ture of the sphere as functions of acceleration of the plate are

shown in Fig. 3. We found out that both the power input and This work was supported by the Special Funds for Major
the temperature rise as the acceleration of the plate increas8tate Basic Research Projects, the Chinese Nonlinear Sci-
from 1. But in the range around=4.6, both of them fall ence Foundation, and the Chinese National Natural Science
rapidly to zero; we call them the “energy well” and the Foundation through Grant Nos. 19834040, 19874029, and
“temperature well” respectively. The existence of the en-10074032.
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