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Dissipative properties and scaling law for a layer of granular material on a vibrating plate
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~Received 2 November 2000; published 26 February 2001!

The dissipative properties and scaling law for a layer of vertically vibrated granular materials were inves-
tigated by means of a dynamical model of a single sphere colliding completely inelastically with a massive,
oscillating plate. A relationship is presented of how the temperature of the layer scales with the acceleration of
the plate and the restitution coefficient of the grains. The numerical calculation shows the existence of an
‘‘energy well’’ and a ‘‘temperature well,’’ which could be used to explain the existence of af /2 flat ~wheref
is the external driving frequency! state in an experiment on vibrated granular material.
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Experiments have shown that the motion of a granu
system consisting of a large number of gains decays rap
once the energy supply is stopped@1#, i.e., the granular sys
tem is strongly dissipative, although the grains in the sys
are only weakly dissipative. Recent research illustrated
the dissipative nature of granular material can result in
variety of different collective phenomena, including he
formation, size segregation, and surface waves@2#, which are
related to the correlation induced by multiple collisions b
tween the grains and by the relative motion of the granu
layer and the container@3#. The dissipation and the scalin
law of one- or two-dimensional vibrated granular syste
were investigated in experiments@4#, as well as kinetic
theory @5,6#, molecular dynamics simulations@7#, a single-
particle statistical model@8#, etc. Also mentioned when de
scribing the motion of a layer of vibrated granular materi
was a model of a single sphere colliding completely inel
tically with a massive, sinusoidally oscillating plate@1,3#.
Here we use this model to discuss the energy input, the
sipation, and the scaling law for vertically vibrated granu
materials. When a granular layer collides with a plate
momentum, as a whole, is conserved, but the kinetic ene
of the granular layer is dissipated and transferred into ‘‘
ternal energy’’ of the layer, including the kinetic energy
the grains and the real internal energy due to inelastic c
sion between grains. In the stationary state the energy in
from external excitation is balanced by the dissipation led
the inelastic collisions between grains. The inelastic collis
between grains leads to a rapid ‘‘cooling’’ and ‘‘clumping
of the grains with the initial velocities. The energy tran
ferred during the collision is dependent upon the accelera
of the plate.

Suppose that the plate vibrated vertically in the fo
A sin 2pft ~whereA is the driving amplitude andf the driving
frequency!. We use dimensionless acceleration amplitudeG
54p2f 2A/g ~whereg is the gravitational acceleration! and a
driving frequencyf as control parameters. WhenG,1 the
sphere vibrates together with the plate. AsG increased from
1, the first, second, third, . . .nth . . .critical acceleration,
Gcn5@(np)211#1/2 ~wheren51,2, . . . ), arereached in se-
quence, at which point the collision becomes instantane
and period doubling occurs for the motion of the sphe
Figure 1 shows the rebound velocity of the sphere as a fu
tion of the acceleration of the plate,G.
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Case I: 1,G,Gc1. The trajectories of the sphere and th
plate are shown in Fig. 2~a!. The period of motion of the
sphere,Tp , is the same as that of the plate,T(51/f ). The
sphere leaves the plate with a ballistic motion for part
each cycle. In the laboratory reference frame, we denote
precollisional velocity of the sphere byVc

2 , and the plate
velocity by uc . The momentts at which the sphere leave
the plate is determined by

G sin 2p f ts51. ~1!

At this moment the velocity of the sphere,Vs , is

Vs52p f A cos 2p f ts . ~2!

In each cycle, the momenttc1 at which the collision occur is
determined by

A sin 2p f ts1Vs~ tc12ts!2 1
2 g~ tc12ts!

25A sin 2p f tc1 .
~3!

Then the precollisional velocity of the sphere is

Vc1
2 5Vs2g~ tc12ts!, ~4!

and at this moment the velocity of the plate is

uc152p f A cos 2p f tc1 . ~5!

Thus the kinetic energy loss of the sphere due to the c
plete inelastic collision is

DE15
Nm

2
~3uc1

2 24uc1Vc1
2 1Vc1

22!, ~6!

whereN is the total number of the grains in the sphere, a
m is the mass of each grain. This energy is transferred to
sphere as its ‘‘internal energy.’’ Once the sphere recei
this energy, it ‘‘warms up’’ first, i.e., the averaged veloci
of the grains raises to a certain valuev0, and then ‘‘cools
down.’’ We suppose that the sphere warms up uniform
and then cools down in the form@9#

v~ t !5
v0l

~12e2!gv0t1l
, ~7!
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where e is the restitution coefficient of the grain in th
sphere, andl the mean grain separation in the sphere. Th
we must have

Nm

2
@v0

22v2~T!#5DE1 . ~8!

From this equation we can obtain the solution tov0. By
averagingv2(t) in one periodT, we can obtain the average
temperature of the sphere:

E05
m

2
^v2&5

m

2

v0
2l

~12e2!v0T1l
. ~9!

Case II: Gc1,G,4.6. The trajectories of the sphere a
the plate are shown in Fig. 2~b!. HereTp52T. In each cycle
there are two collisions between the sphere and the plate;
is instantaneous~we denote this as the first collision!. For the
first collision, the motion of the sphere and the plate are s
described by Eqs.~1!–~6!. Once the collision occurs th
sphere leaves the plate immediately, and performs a ball
motion. The momenttc2 at which the second collision occur
is determined by

A sin 2p f tc11Vc1
1 tc212

1
2 gtc21

2 5A sin 2p f tc2 , ~10!

where tc215tc22tc1, and Vc1
1 5uc1 is the first post-

collisional velocity of the sphere. Then the second preco
sion velocity of the sphere is

Vc2
2 5Vc1

1 2gtc21. ~11!

At this moment, the velocity of the plate is

uc252p f A cos 2p f tc2 . ~12!

Thus the kinetic energy loss of the sphere due to the c
plete inelastical collision between the sphere and the pla

DE25
Nm

2
~3uc2

2 24uc2Vc2
2 1Vc2

22!. ~13!

FIG. 1. The rebouncing velocity of a completely inelastic sph
as a function of the acceleration of the vibrating surface.
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Therefore, in one cycle, the total energy transferred isDE1
1DE2. Similar to caseI, the averaged temperature of th
sphere is

E05
m

4T F v0
2ltc21

~12e2!v0tc211l
1

v0
2l~2T2tc21!

v0~12e2!~2T2tc21!1l
G .

~14!

As G is increased fromGc1, the interval between first and
second collisions,tc21, becomes smaller and smaller, and
G54.6, tc2150, i.e., the second collision disappears. The
fore we have the following

Case III: 4.6,G,Gc2. The trajectories of the sphere an
the plate are shown in Fig. 2~c!. HereTp52T. In each cycle,
there is only one collision between the sphere and the pl
During the collision the kinetic energy loss of the sphere
expressed byDE1. Meanwhile the averaged temperature i

E05
m

2

v0
2l

2~12e2!v0T1l
. ~15!

When G.Gc2, the case becomes more complicated th
above. Here we consider only the following

Case IV: Gc2,G,Gcert ~where Gc2,Gcert,Gc3), in
which Tp54T. The trajectories of the sphere and the pla
are shown in Fig. 2~d!. In each cycle there are two collision
between the sphere and the plate, with one being insta
neous. Similar to case II, the averaged temperature of
sphere is

E05
m

8T F v0
2ltc21

~12e2!v0tc121l
1

v0
2l~4T2tc21!

v0~12e2!~4T2tc21!1l
G .

~16!

e

FIG. 2. The trajectories of the sphere~dashed line! and the plate
~solid line!.
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DISSIPATIVE PROPERTIES AND SCALING LAW FOR . . . PHYSICAL REVIEW E 63 031304
Equations~9!, ~14!, ~15!, and~16! show explicitly howE0
scales withl ande. It is found that the larger the restitutio
coefficiente and/or the mean grain separationl, the higher
the temperature of the sphere. These equations also im
itly give the dependence of the temperature of the sphere
the acceleration of the plate,G. To see this we have mad
numerical calculations for all the above equations. We t
e50.95, l50.001 mm, f 520 Hz, and m5931025 g.
The mean power inputP ~the ratio of the total energy inpu
and the period in each cycle for each grain! and the tempera
ture of the sphere as functions of acceleration of the plate
shown in Fig. 3. We found out that both the power input a
the temperature rise as the acceleration of the plate incre
from 1. But in the range aroundG54.6, both of them fall
rapidly to zero; we call them the ‘‘energy well’’ and th
‘‘temperature well’’ respectively. The existence of the e

FIG. 3. ~a! The mean power inputP for each grain, and~b! the
temperature of the sphere,E0, as functions of dimensionless acce
eration of the plate.
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ergy well can be explained as follows: asG reaches 4.6, the
relative velocities of the sphere and the plate become sm
and smaller. WhenG54.6, velocities of both the sphere an
the plate are235.035 cm/s, and the relative velocity is zer
Therefore, both the energy input and the temperature of
sphere are zero. The existence of the energy well can be
to explain the existence of thef /2 flat state whenG is in the
range of 4.5–5.5 in the experiment, and the numerical sim
lation on a vertically oscillated grain layer@10#: as the en-
ergy input decreases to zero, the amplitude of the pat
decreases to zero, and shows a flat state. In both experim
and the molecular dynamics simulation the central accel
tion of the plate for af /2 flat state is little more than 4.6 o
our model. We consider this because the granular layer is
a real single complete inelastic sphere, and not all gra
collide with and separate from the plate simultaneously;
collision time of the granular layer is larger than that of t
single sphere. The center of mass of the granular layer ne
to be raised more highly than that of the single sphere
order that all grains can leave the plate for free flight. Th
all characterized accelerations for granular layer have to
higher than all corresponding characterized accelerations
a single sphere. Also, we note that in Fig. 3~a! the second
peak ofP is higher than the first one asG rises but in Fig.
3~b! the heights of both peaks are almost the same. T
result can be explained by the fact that the sphere cools in
form of Eq. ~7!, the largerv0 is, the larger the rate of the
cooling; also, the longer the time of cooling, the lower t
averaged temperature of the sphere. Figure 3~b! shows how
E0 scales withG, which is different from the results obtaine
by Warr et al. @4# and Ludinget al. @7#. Although the as-
sumptions of uniform warming and the form of the coolin
@Eq. ~7!# are approximate, this assumption does not ess
tially affect the shape of the curves in Fig. 3. Experime
are currently in progress to examine the scaling law p
sented in this paper.
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